Recently Beltran-Royo et.al presented a Semi-Lagrangean relaxation for the classical p-median location problem. The results obtained using the Semi-Lagrangean relaxation approach were quite impressive. In this paper we use a reformulation of the p-median problem in order to start from a formulation more suitable for Semi-Lagrangean relaxation and analyse the new approach on examples from the OR library.
Introduction
The p-median problem is a well studied integer programming problem. Over the years the problem has been approached by many authors using various mathematical programming methods. In a recent study of Beltran-Royo et al. use a Semi-Lagrangean approach to the p-median problem. Another recent study has benn conducted by Garcia et al., in which a reformulation is used which they name the radius formulation. In this paper we will make use of a reformulation of the p-median problem more suitable for Semi-Lagrangean relaxation. Apart from that we also show that the optimal Semi-Lagrangean dual variable have a very interesting economic interpretation.
The paper is organized as follows. In section 2 The standard formulation of the p-median problem is given followed by the reformulation that is to be used in the rest of the article. Section 3 gives a short description of the Semi-Lagrangean relaxation in general and its properties and describe the SemiLagrangean relaxation subproblem for the reformulated p-median model. In section 4 we illustrate the procedure on an example taken from the literature. Section 5 presents the computational results obtained on larger problem instances. Finally in section 6 we give conclusions that can be made from our investigation. We also comment on the similarities with our approach and the approach used by Garcia et. al.
The formulation of the p-median problem and a reformulation suitable for Semi-Lagrangean relaxation
The standard formulation of the p-median problem is as follows
Subject to
Where P is the number of facilities to be opened = cost of assigning customer j to facility i =1 if facility i is opened, 0 otherwise =1 if customer js demand is satisfied from facility i, 0 otherwise Equation (2) guarantees that all customers' demands are satisfied. Constraint (3) is the requirement that demand can only be satisfied from a facility that is open, constraint (4) states that exactly p facilities shall be opened and (5) are the integral requirements.
In the sequel we will use the following reformulation of the p-median location problem
, ∈ {0,1}
The formulations are clearly equivalent and if the p-median problem were to be solved by any regular method, the reformulation makes no sense. However as we shall show, if the solution approach is based on Semi-Lagrangean relaxation this formulation yields a more efficient relaxation procedure.
Avella has an alternative formulation, which is as follows
Semi-Lagrangean Relaxation
The Semi-Lagrangean approach builds upon the well-known Lagrangean relaxation, but with the difference that when having equality constraint, the constraint is divided in two inequalities, namely a "greater than or equal to" inequality and a "less than or equal to" inequality. The former is relaxed and added to the objective function, while the latter is left as an inequality constraint in the subproblem ( 
It is proved by Beltran-Royo et al. that the Semi-Lagrangean relaxation closes the duality gap. The easiest way to see this is that the relaxation is the result of the intersection between the following two polytopes However there are some difficulties involved in calculating the optimal Semi-Lagrangean multipliers especially in the multi-dimensional case. The main problem is that the optimal Semi-Lagrangean prices are non-unique (in the multi-dimensional case). Moreover for large enough multipliers u x(u) will be a solution to the original problem and the relaxed problem is basically identical to the original problem. Also we are not looking for a maximum of the concave function L(u) rather we are looking for the "minimal" multiplier values for which L(u) reaches its maximal value.
Applying a Semi-Lagrangean relaxation to the reformulated UFL problem, relaxing the single equality constraint yields the following dual problem
Where L(u) is defined by the following optimization problem
Note we have only one Semi-Lagrangean multiplier to search for as compared with the multidimensional search needed in Beltran-Royos et.al.s Semi-Lagrangean relaxation of the standard pmedian model. This means that any one-dimensional search procedure can be used. Also the optimal Semi-Lagrangean price has a meaningful economic interpretation. The optimal Semi-Lagrangean price * is the price that has to be payed to be able to deliver to all customers. It should also be noted that it is easy to get an initial estimate on u since we know that all customer demand has to be satisfied. Hence a minimal u is obtained by ( ).
Also note that in the subproblems only alternatives ij with negative coefficients are of interest. Hence the subproblems will in most cases, have fewer 0/1 variables than the number of 0/1 variables in the original problem.
Illustrative Examples
As a first illustration we use the example from the book by Daskin.
Here the Demand times distance matrix for the 12 node problem is as follows In order to select a reasonable value for the Semi-Lagrangean multiplier we proceed as follows. Given a value u for the Semi-Lagrangean multiplier, we can formulate a set covering problem with 10 variables and 10 constraints. The coefficients in the constraint matrix of this set covering problem are 1, if the cost in the cost matrix is less than u and 0 otherwise. We would like to select the first value for the SemiLagrangean multiplier such that the resulting relaxed p-median problems, having only variables for which the cost coefficients in the Semi-Lagrangean subproblems are negative includes a feasible solution to the original p-median problem. Solving the set covering problem with the objective function in which the number of median nodes is to be minimized leads to that the minimum possible value for the Semi-Lagrangean multiplier is equal to u=361
This means that the modified demand times distance matrix is
All variables with coefficients larger than 361 are not present in an optimal solution to the SemiLagrangean subproblems and can be deleted.
The optimal solution to the Semi-Lagrangean subproblem is to select nodes A,F,H,J and L and allocate the remaining nodes in the following way nodes C,E and G is allocated to H, node B is allocated to A, nodes D and I is allocated to F and finally node K is allocated to J. The objective function value for the Semi-Lagrangean relaxation is -2888 and hence the lower bound is 4332-2888=1444. Since this is the value of the current solution which is feasible, optimality has been proved. In this example the optimal Semi-Lagrangean multiplier value is equal to the value of the most costly assignment in the solution. This is however not always the case as the next illustrative example will show.
The data for the second illustrative example is as follows. The exact coordinates and weights of the basic units. The matrix of weighted distances.
This gives us the following matrix of weighted distances
Let p=2. Proceeding in the same way as before to find the minimum possible Semi-Lagrangean multiplier, i.e., by checking if the generated set covering problem has a cover with the value of at least p gives us the initial multiplier value u=851.711
Solving the Semi-Lagrangean subproblem for this u gives us the optimal objective function value of -4231.5958 and a lower bound of 4285.5..
In this solution there are two units left unassigned, 9 and 10, and the medians selected are 1 and 6. The solution is illustrated graphically in this figure
In order to generate a feasible solution and an upper bound we proceed as follows. We solve the strengthened relaxation in which the constraints for node 9 and 10 are equalities instead of inequalities. Note that this relaxation will also provide us with a lower bound to the optimal p-median problem. The objective function value for the strengthened relaxation is -4088.351 and the lower bound is thus 8571.1-4088.351=4428.76 which is the value of the current feasible solution and hence optimality has been proved. The solution is illustrated graphically in the figure with node 3 and 6 as medians.
If we instead continue with the original Semi-Lagrangean relaxation we need to increase the multiplier value further in order to prove optimality and generate the optimal 2-median solution. For a SemiLagrangean multiplier value of 940.267 optimality is proved. As can be seen from this example normally the Semi-Lagrangean subproblem will give us a lower bound for the optimal solution value and leave some of the locations not assigned to any of the chosen medians.
The question is of course how to select the initial Semi-Lagrangean multiplier value and if the optimal Semi -lagrangean multiplier has a usable economic interpretation.
An Economic Interpretation of the procedure
Looking at the Semi-Lagrangean subproblem
We can observe that he Semi-Lagrangean sub problem can be thought of as a procedure to search for a market price in a market in which customers located in different places should be served from p locations. In order to serve the various markets the goods has to be transported from one of the open sources to the customer. Each customer has a demand for one unit, hence the total demand is | |.
The optimal Semi-Lagrangean price u* corresponds to the market price for which all customer demands are satisfied. At a lower price than u* one or more of the customers will be left unserved. An interesting question is how the market price, optimal Semi-Lagrangean multiplier varies with the number of medians p?
In order to find that out we conducted some numerical experiments on larger p-median problems.
We also show how the market price varies as a function of the value of p. For this purpose, two problems were considered one with 100 and one with 300 basic points.
The results for the problem with 100 basic points, (the data for this problem can be found in the appendix), is as follows As can be seen the market price is almost always decreasing as a function of p. However, in this example the market price increases when p is increased from 7 to 8. The increase is not large and the reason for the increase is the discrete nature of the p-median problem. It turns out to be more expensive to assign the last basic unit when p=8 than it is when p=7. A graphical illustration of the solutions for p=7 and p=8 is shown in the figures below. Here the market price increases when p is increased from 7 to 8 as before with a small increase. However, the increase in market price when p is increased from 5 to 6 is substantial.
In the figures below, we give a graphical illustration of what happens.
Conclusions
In this article, we have presented a Semi-Lagrangean relaxation method for the p-median problem. We use a reformulation more suitable for Semi-Lagrangean relaxation. Since the reformulated and relaxed problem has only one multiplier, no subgradient procedure is needed to update the multiplier value. Also the number of potential multiplier values is limited to the number of different costs in the cost matrix. In order to find the initial value for the Semi-Lagrangean multiplier a set covering problem is studied. It is shown that for a more restricted version of the Semi-Lagrangean relaxation, the optimal multiplier value is equal to the most costly assignment in the optimal solution. However, in the ordinary Semi-Lagrangean relaxation of the reformulated problem the optimal Semi-Lagrangean multiplier value is equal to the price that has to be payed in order for all basic units demand to be fulfilled.
